STABILITY ANALYSIS

Module 1:

We know that Lacl is constitutively expressed, so in the absence of IPTG:

kniacr
Mlacl* = =%
mlacl

Placl* = M
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Mout* = kmout f(PlaCI*)
dmout
k k Placl*
Pout* = mout "“pout f( )
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So considering the now simplified system, since we are assuming that steady state of Placl has
been reached:
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To evaluate the stability of the equations, we first work out the Jacobian matrix (/), and then
find the determinant of the matrix M =|J — AI| = 0, where I represents the identity matrix and
A contains the eigenvalues of the system.
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Aimous and dpgy; are the degradation terms of Mout and Pout respectively. They are always

positive constants, therefore the eigenvalues are always negative. Therefore, in the absence of
IPTG the system can only exhibit fixed points.

Now, when IPTG is added to the system, we can modify the differential equations and obtain:

dPlacl kmlacl kpla o

= dpiger Placl — ky1IPTG * Placl + kyp,IPTG_PLacl

dt dmlacl
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= — ky,IPTG * Placl + ky,,IPTG_PLacl
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If we assume that the IPTG quantity is conserved in the system, at any given point in time:
IPTG + IPTG_Placl = 1,
So we can simplify the system and get rid of one of the differential equations by assuming that:
IPTG_Placl = 1,- IPTG

Also, assuming that mRNA production is at steady state, we can get rid of those equations and
obtain the much simplified system below:

dPlacl kmiacr kplac _

dpiact Placl — ky IPTG = Placl + ky,(I,- IPTG)

dt - diniact
d’:tTG = — ky1IPTG * Placl + ky,(1,- IPTG)
dPout
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So,
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ka Io
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So, once again, calculate the Jacobian matrix (/) to linearize around the fixed point, and then
find the determinant of the matrix M =[] — AI| to evaluate its stability.

—dpjger — kp1IPTG* — A —ky, Placl® 0
M= —kbllpTG* _ka(Io —IPTG*)— l 0
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M= (=dpiger — kp1IPTG™ — A — kpo(I, = IPTG™) — A —dpour — A) +
k1 Placl*(— kyy IPTG*)( —dpoye — A)=0

Simplify:



(—dpout = 2) ((~dptact = ks1IPTG" = 2)( = ky(I, — IPTG™) = 1) = Placl*(k IPTG")) = 0

This shows that all eigen-directions are negative, so the system can only exhibit fixed points
and we can safely assume that this is the only type of behavior we will observe in the system.



